CS 70 Discrete Mathematics and Proloa]oility Theory
Spring 2017 Rao HW 6

| Sunclry

Before you start your homework, write down your team. Who else did you work with on this
homework? List names and email addresses. (In case of homework party, you can also just describe
the group.) How did you work on this homework? Working in groups of 3-5 will earn credit for
your "Sundry" grade.

Please copy the following statement and sign next to it:

I certify that all solutions are entirely in my words and that I have not looked at another student’s
solutions. I have credited all external sources in this write up.

2 Error—Correcting Codes

(a) Recall from class the error-correcting code for erasure errors, which protects against up to
k lost packets by sending a total of n + k packets (where n is the number of packets in the
original message). Often the number of packets lost is not some fixed number k&, but rather
a fraction of the number of packets sent. Suppose we wish to protect against a fraction o of
lost packets (where 0 < o < 1). At least how many packets do we need to send (as a function
of nand a)?

(b) Repeat part (a) for the case of general errors.

3 Polynomials in One Indeterminate

We will now prove a fundamental result about polynomials: every non-zero polynomial of degree
n (over a field F) has at most n roots. If you don’t know what a field is, you can assume in the
following that ' = R (the real numbers).

(a) Show that for any o € F, there exists some polynomial Q(x) of degree n— 1 and some b € F
such that P(x) = (x — o) Q(x) + b.
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(b) Show that if a is a root of P(x), then P(x) = (x — &) Q(x).
(c) Prove that any polynomial of degree 1 has at most one root. This is your base case.

(d) Now prove the inductive step: if every polynomial of degree n — 1 has at most n — 1 roots, then
any polynomial of degree n has at most n roots.

4 Properties of GF(p)

(a) Show that, if p(x) and g(x) are polynomials over the reals (or complex, or rationals) and
p(x) - g(x) = 0 for all x, then either p(x) = 0 for all x or g(x) = O for all x or both. (Hint: You
may want to prove first this lemma, true in all fields: The roots of p(x) - g(x) is the union of the
roots of p(x) and ¢(x).)

(b) Show that the claim in part (a) is false for finite fields GF(p).

h  Poker Mathematics

A pseudo-random number generator is a way of generating a large quantity of random-looking
numbers, if all we have is a little bit of randomness (known as the seed). One simple scheme is the
linear congruential generator, where we pick some modulus m, some constants a, b, and a seed xj,
and then generate the sequence of outputs xg,x,X2,X3,... according to the following equation:

X41 =ax;+b  (mod m)

(Notice that 0 < x; < m holds for every ¢.)

You’ve discovered that a popular web site uses a linear congruential generator to generate poker
hands for its players. For instance, it uses xo to pseudo-randomly pick the first card to go into
your hand, x; to pseudo-randomly pick the second card to go into your hand, and so on. For extra
security, the poker site has kept the parameters a and b secret, but you do know that the modulus
is m = 23! — 1 (which is prime).

Suppose that you can observe the values xg, x1, x2, x3, and x4 from the information available to you,
and that the values xs,...,x9 will be used to pseudo-randomly pick the cards for the next person’s
hand. Describe how to efficiently predict the values xs, ..., xg9, given the values known to you.

6 Secret Sharing with Spies

An officer stored an important letter in her safe. In case she is killed in battle, she decides to share
the password (which is a number) with her troops. However, everyone knows that there are 3 spies
among the troops, but no one knows who they are except for the three spies themselves. The 3
spies can coordinate with each other and they will either lie and make people not able to open the
safe, or will open the safe themselves if they can. Therefore, the officer would like a scheme to
share the password that satisfies the following conditions:
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* When M of them get together, they are guaranteed to be able to open the safe even if they
have spies among them.

* The 3 spies must not be able to open the safe all by themselves.

Please help the officer to design a scheme to share her password. What is the scheme? What is
the smallest M? Show your work and argue why your scheme works and any smaller M couldn’t
work.

7 Berlekamp—Welch Algorithm

In this question we will go through an example of error-correcting codes with general errors. We
will send a message (mg,m;,my) of length n = 3. We will use an error-correcting code for k = 1
general error, doing arithmetic modulo 5.

(a) Suppose (mg,m;,my) = (4,3,2). Use Lagrange interpolation to construct a polynomial P(x)
of degree 2 (remember all arithmetic is mod 5) so that (P(0),P(1),P(2)) = (mg,m1,m). Then
extend the message to length n + 2k by appending P(3),P(4). What is the polynomial P(x)
and what is the message (co,c1,¢2,¢3,¢4) = (P(0),P(1),P(2),P(3),P(4)) that is sent?

(b) Suppose the message is corrupted by changing cg to 0. We will locate the error using the
Berlekamp-Welch method. Let E(x) = x+ by be the error-locator polynomial, and Q(x) =
P(x)E(x) = a3x® + axx® + a1x + ap be a polynomial with unknown coefficients. Write down
the system of linear equations (involving unknowns ag,ap,as,as,bg) in the Berlekamp-Welch
method. You need not solve the equations.

(c) The solution to the equations in part (b) is by = 0,a9 = 0,a; = 4,a, = 4,a3 = 0. Show how
the recipient can recover the original message (mg,my,m;).

8 Countability [ntroduction

(a) Do (0,1) and Ry = (0,e0) have the same cardinality? If so, give an explicit bijection (and
prove that it’s a bijection). If not, then prove that they have different cardinalities.

(b) Is the set of English strings countable? (Note that the strings may be arbitrarily long, but each
string has finite length.) If so, then provide a method for enumerating the strings. If not, then
use a diagonalization argument to show that the set is uncountable.

(c) Consider the previous part, except now the strings are drawn from a countably infinite alphabet
<7 . Does your answer from before change? Make sure to justify your answer.
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